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THE FUNDAMENTAL GROUPS OF PRESYMPLECTIC
HAMILTONIAN G-MANIFOLDS
HUI LI
Abstract. In this paper, we study the fundamental groups of presymplectic
Hamiltonian G-manifolds, G being a connected compact Lie group. A presym-
plectic manifold is foliated by the integral submanifolds of the kernel of the
presymplectic form. Under a nice condition on the action, Lin and Sjamaar
recently show that the moment map image of a presymplectic Hamiltonian G-
manifold has the same “convex and polyhedral” property as the moment map
image of a symplectic Hamiltonian G-manifold, a result proved independently
by Atiyah, Guillemin-Sternberg, and Kirwan. Using this property, we study
the differences and similarities on the fundamental groups of presymplectic
and symplectic Hamiltonian G-manifolds. We observe that the results on the
symplectic case are special cases of the results on the presymplectic case.
1. introduction
Let M be a smooth manifold, ω be a closed 2-form on M with constant rank.
If kerω = 0, then (M,ω) is a symplectic manifold, otherwise, (M,ω) is called a
presymplectic manifold, ω is called a presymplectic form. Symplectic and con-
tact manifolds are special cases of presymplectic manifolds. Let G be a connected
compact Lie group acting on (M,ω) preserving ω. If (M,ω) is symplectic and
the G-action is Hamiltonian with a proper moment map φ, by Atiyah, Guillemin-
Sternberg, and Kirwan’s theorems, φ(M) ∩ t∗+ is a closed convex polyhedral set
([2, 6, 9]), where t∗+ ⊂ t
∗ is a closed positive Weyl chamber, t∗ being the dual Lie
algebra of a maximal torus of G. In [12, 13, 14], the author studies the fundamental
groups of symplectic Hamiltonian G-manifolds, respectively for circle actions, for
G-actions on compact and noncompact manifolds. Now assume (M,ω) is a presym-
plectic G-manifold. We can similarly define Hamiltonian G-actions and moment
maps (see Sec. 2). Assume the G-action is Hamiltonian with a proper moment
map φ, then φ(M)∩ t∗+ may not be convex, or be a polyhedral set. Recently in [16],
Lin and Sjamaar propose a condition, called cleanness of the G-action, and show
that under this condition, φ(M)∩ t∗+ is a closed convex polyhedral set; this set is a
convex polytope if M is compact. See also [18] for a presymplectic convexity result
for torus actions by Ratiu and Zung. In this paper, we study the fundamental
groups of presymplectic Hamiltonian G-manifolds.
Throughout this paper, G always denotes a connected compact Lie group, T
denotes a maximal torus of G, g = Lie(G), t = Lie(T ), g∗ and t∗ are respectively
the dual vector spaces of g and t, and t∗+ denotes a closed positive Weyl chamber
in t∗.
Key words and phrases. presymplectic manifold, contact manifold, Hamiltonian G-action, mo-
ment map, presymplectic quotient, fundamental group.
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Now we start to state our main results. Some relevant terminologies in Theo-
rems 1, 2 and 3 are explained in Section 2.
For Theorems 1 and 2, we restrict attention to compact manifolds. For versions
of these theorems for noncompact manifolds, see Theorems 1* and 2* in Section 3.
Theorem 1. Let (M,ω) be a connected compact presymplectic Hamiltonian G-
manifold. If the G-action is leafwise nontangent everywhere, then the quotient map
induces an isomorphism pi1(M) ∼= pi1(M/G).
In Theorem 1, for symplectic manifolds, the assumption on the nontangency of
the action is automatically satisfied.
Suppose G acts on a manifold M . Let M(H) be the set of points in M with
stabilizer groups conjugate to H ⊂ G, it is called the (H)-orbit type. It is clear
that the G-orbits in M(H) are diffeomorphic to each other. If M(H) is closed, it
is called a closed orbit type. For more general cases than that in Theorem 1,
Theorem 2 gives a description on the kernel of the map pi1(M)→ pi1(M/G).
Theorem 2. Let (M,ω) be a connected compact presymplectic Hamiltonian G-
manifold with a clean G-action. Assume the null subgroup N is closed. From
each closed orbit type of the N -action, take any N -orbit O. Let 〈im
(
pi1(O)
)
〉
be the normal subgroup of pi1(M) generated by the images of the pi1(O)’s. Then
pi1(M)/〈im
(
pi1(O)
)
〉 ∼= pi1(M/G).
Theorem 2 recovers the special case of symplectic manifolds, where N is trivial,
see [13].
We now consider in particular the case of contact G-manifolds. For a contact
manifold (M,α), where α is a contact 1-form, we take ω = dα, then it is a presym-
plectic form. The leaves of the null foliation are the Reeb orbits of α. For a contact
G-action on M , there is automatically a contact moment map φ : M → g given by
φξ = 〈φ, ξ〉 = α(ξM ) for any ξ ∈ g, where ξM is the vector field on M generated by
ξ. This moment map is G-equivariant, see for example [5]. It is easy to check that
this moment map is the same as the one defined in Sec. 2.
Let (M,α) be a connected compact contact G-manifold. The G-action is called
of Reeb type if there is a Lie algebra element ξ ∈ g which generates the Reeb
vector field of α. We can perturb α to a G-invariant contact form α′ so that
ker(α) = ker(α′), and the Reeb vector field of α′ is generated by a rational element
ξ′ (close to ξ), so ξ′ corresponds to a circle subgroup of G (see for example [4]). For
contact G-manifolds, we specialize the results in Theorem 3.
Theorem 3. Let (M,α) be a connected compact contact G-manifold. Then the
action is either leafwise nontangent everywhere or is of Reeb type (i.e., leafwise
transitive everywhere). In the first case, pi1(M) ∼= pi1(M/G). In the second case,
assume the contact form α is chosen so that the Reeb orbits are generated by a circle
subgroup S1 ⊂ G, and let m = lcm
{
k |Zk is a stabilizer group of the S1-action
}
,
then pi1(M)/im
(
pi1(S
1/Zm)
)
∼= pi1(M/G).
Similar to symplectic quotients, we define presymplectic quotients as follows.
Definition 1.1. Let (M,ω) be a presymplectic Hamiltonian G-manifold, and let
φ : M → g∗ be the G-equivariant moment map. For any a ∈ im(φ), define the
presymplectic quotient at a to be Ma = φ
−1(a)/Ga = φ
−1(G · a)/G, where Ga is
the stabilizer group of a for the coadjoint action.
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Note that the quotient spaceMa may not be presymplectic, only under very nice
conditions, it is. If M is contact, there are different definitions of contact quotient
spaces in the literature. For contact M , under certain very regular conditions, our
definition of Ma is the same as the one defined by Zambon and Zhu [21].
Theorem 6 in Sec. 2 proved by Lin and Sjamaar states that when we have a
clean Hamiltonian G-action on a presymplectic manifold M with a proper moment
map φ, φ(M) ∩ t∗+ is a closed convex polyhedral set. So there are infinitely many
presymplectic quotient spaces as defined above. We obtain the following result,
which includes the symplectic case as a special case [14, Theorem 1.5].
Theorem 4. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Then pi1(M/G) ∼= pi1(Ma) for
all a ∈ φ(M).
Acknowledgement. I would like to thank Reyer Sjamaar for helpful discussions.
This work is supported by the NSFC grant K110712116.
2. clean G-actions and moment maps on presymplectic G-manifolds
In this section, we explain the terminologies occured in the theorems in the
Introduction, and we set up the materials needed for the next sections.
Let (M,ω) be a presymplectic manifold. The distribution
ker(ω) =
{
v ∈ TmM,m ∈M |ω(v, ·) = 0
}
is involutive [3], hence by Frobenius’ theorem, integrates to a regular foliation F of
M , called the null foliation. The leaves of F may not be closed.
Let a connected compact Lie group G act on a presymplectic manifold (M,ω)
preserving ω. Let U be an open subset of M , and let nU ⊂ g be the Lie subalgebra
consisting of all elements ξ ∈ g such that the induced vector field ξM is tangent
everywhere to F on the G-invariant set G · U . Let NU be the connected immersed
Lie subgroup with Lie algebra nU . The Lie subalgebra nU is an ideal and the Lie
subgroup NU is normal. The Lie subalgebra nM is called the null ideal, and the
immersed normal subgroup NM is called the null subgroup. For convenience, we
will denote n as the null ideal, and N as the null subgroup in the sequel.
Let m ∈ M . For all sufficiently small open neighborhood U of m, the NU ’s are
equal [16], denote them as Nm. The G-action is called clean at m if
(2.1) Tm(Nm ·m) = Tm(G ·m) ∩ TmF .
This is a G-invariant condition: if the action is clean at m, then it is clean at g ·m
for all g ∈ G. We call the action leafwise transitive at m if F(m) = Nm ·m, and
leafwise nontangent at m if Tm(G ·m)∩TmF = 0, where F(m) denotes the leaf
through m. Either condition implies the action is clean at m.
If the G-action is clean at all the points on M , we call the action is clean on
M . In this case, the Nm in (2.1) is equal to the null subgroup N for all m ∈M :
Theorem 5. [16] Assume M is connected and the G-action is clean on M , then
Tm(N ·m) = Tm(G ·m) ∩ TmF for all m ∈M , where N is the null subgroup.
The presymplectic G-action on (M,ω) is called Hamiltonian if there exists a
moment map φ : M → g∗ such that
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• i(ξM )ω = d〈φ, ξ〉 for each ξ ∈ g, where ξM is the vector field generated by
the ξ-action, and
• φ(g ·m) = Ad∗g(φ(m)) for all g ∈ G and all m ∈M .
In this case, the null ideal n satisfies
n =
{
ξ ∈ g | ξM ∈ TF
}
=
{
ξ ∈ g |φξ = 〈φ, ξ〉 is locally constant on M
}
.
Proposition 2.2. [16] Let (M,ω) be a connected presymplectic G-manifold with
moment map φ. Let n be the null ideal. Then the affine span of the image φ(M) is
of the form λ + n◦, where λ is a fixed point in g∗ for the coadjoint action, and n◦
is the annihilator of n.
Similar to the symplectic case, Lin and Sjamaar obtain the following theorem.
Theorem 6. [16] Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Then the fibers of φ are connected,
φ(M) ∩ t∗+ is a closed convex polyhedral set, and φ(M) ∩ t
∗
+ is rational if and only
if the null subgroup N is closed. If M is compact, then φ(M) ∩ t∗+ is a convex
polytope.
We clarify some terms occured in Theorem 6. A convex polyhedral set in a
finite-dimensional real vector space is the intersection of a locally finite number of
closed half-spaces. A convex polyhedron is the intersection of a finite number of
closed half-spaces. A convex polytope is a bounded convex polyhedron.
3. presymplectic G-manifolds and proof of theorems 1 and 2
In this section, we prove Theorems 1 and 2.
First, we cite two results from [14], which we will use.
Lemma 3.1. [14, Lemma 3.1] Let M be a connected G-manifold. Then the map
pi1(M) → pi1 (M/G) induced by the quotient is injective if and only if for each
trivial loop, i.e., a point x¯ ∈ M/G, and for any loop α ⊂ M which projects to x¯,
[α] = 1 ∈ pi1(M).
Proposition 3.2. [14, Prop. 3.4] Let M be a connected G-space. If x is a fixed
point of a maximal torus of G, then the orbit G · x is simply connected.
We make two remarks for Proposition 3.2. First, the stabilizer group of the point
x may not be the maximal torus, it contains the maximal torus. Second, the claim
relies on the property of compact Lie groups, M does not need to be a manifold,
so we assume M is a G-space.
To prove Theorem 1, let us first prove the following Theorem 1*. We do some
preparation as follows.
Recall that if M is a G-manifold, M(H) denotes the (H)-orbit type, and all the
G-orbits in M(H) are diffeomorphic to each other. If M(H′) is in the closure of
M(H), then (H) ⊂ (H
′).
Let (M,ω) be a connected presymplectic Hamiltonian G-manifold with moment
map φ. Let g be a G-invariant Riemannian metric on M compatible with ω. The
metric g is compatible with ω means that on the symplectic subbundle (TF)⊥
perpendicular to TF , g is compatible with ω|(TF)⊥ , i.e., for any X,Y ∈ (TF)
⊥,
g(X,Y ) = ω(JX, Y ) for a G-invariant almost complex structure J on (TF)⊥
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determined by g. Let ξ ∈ g, and let φξ = 〈φ, ξ〉 be a moment map compo-
nent. Let grad(φξ) be the gradient vector field of φξ, i.e., for any X ∈ TM ,
g(grad(φξ), X) = dφξ(X). If X ∈ TF , then dφξ(X) = ω(ξM , X) = 0, hence
g(grad(φξ), X) = 0, i.e., grad(φξ) ∈ (TF)⊥. Then for any X ∈ (TF)⊥, we have
g(grad(φξ), X) = ω(Jgrad(φξ), X) = ω(ξM , X). Hence
grad(φξ) = −Jξ¯M ,
where ξ¯M is the projected vector field of ξM to (TF)⊥.
Theorem 1*. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with proper moment map φ. Assume the action is leafwise nontangent everywhere,
and there is a value V of φ such that φ−1(V ) is a fixed point set component of a
maximal torus of G. Then pi1(M) ∼= pi1(M/G).
Proof. First since G is connected, pi1(M)→ pi1(M/G) is surjective.
By Lemma 3.1, pi1(M) → pi1(M/G) is injective if each loop in each G-orbit is
homotopically trivial in M . Let α be a loop in a G-orbit O, and suppose O is in a
connected component M(H), c of some orbit type M(H). If O is simply connected,
then α is homotopically trivial in O, hence in M . Now assume O is not simply
connected, then by Proposition 3.2, we may assume that dim(H ∩ T ) < dimT for
any maximal torus T of G. If there is an orbit type M(H′) in the closure ofM(H), c,
and each orbit in M(H′) is simply connected, then we can deform α in M(H), c
through diffeomorphisms and then by going to the closure of M(H), c, we get a loop
α′ in a G-orbit in M(H′) homotopic to α, so [α
′] = [α] = 1. This process of going
to closures of orbit types may need to go through a few intermediate orbit types.
By the assumption and by Proposition 3.2, we know that each G-orbit in φ−1(G ·
V ) is simply connected. Now assume that there are no orbit types with simply
connected orbits which are in the closure of M(H), c, except possibly those which
intersect φ−1(G · V ). We will argue that φ−1(G · V ) is in the closure of M(H), c.
Since dim(H ∩ T ) < dimT , there exists ξ ∈ t but ξ /∈ t ∩ h, so that ξM,x 6= 0 for
any x ∈M(H), c. Since the G-action is leafwise nontangent everywhere, ξM,x is not
tangent to the leaf F(x) for any x ∈M(H), c. So φ
ξ(Oξ)) 6= V , where Oξ ⊂ O is an
exp(tξ) orbit in O. We put a G-invariant ω-compatible metric on M . By following
the T -invariant flow of grad(φξ) or −grad(φξ), we can flow Oξ (inside M(H), c)
towards φ−1(V ), until Oξ hits a point z such that grad(φ
ξ)(z) = −(Jξ¯M )(z) = 0,
so ξM (z) ∈ TzF . Since the action is nontangent, z is a fixed point of ξ (or of
the subgroup exp(tξ)) The orbit Oξ then contracts to the point z. We do this
equivariantly, that is, by using the flow of ±grad(φAd(g)ξ) for all g ∈ G, we can flow
O in its orbit type and then deform O to the orbit O′ ≈ G · z in a new orbit type
M(H′), c with dim(H ∩T ) < dim(H
′∩T ). If dim(H ′∩T ) < dim(T ), then we repeat
the process above, until we deformO′ to an orbitO′′ in an orbit typeM(K) such that
K ⊇ T . By the assumption above,M(K) intersects φ
−1(G·V ). Correspondingly, the
loop α is deformed to a loop α′′ in O′′ and becomes homotopically trivial there. 
Next, we go with the steps to prove Theorem 1.
Lemma 3.3. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with moment map φ. Assume φ(M) ∩ t∗+ is a polyhedral set and has a vertex V
which is furthest from the origin. Then φ−1(V ) consists of T fixed leaves of the null
foliation, where T is a maximal torus of G.
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Proof. Consider the T -action on M , and let φT be the moment map for the T -
action. The image of φT is the orthogonal projection to t
∗ of the image of φ
(assume an invariant metric is chosen on g∗). The vertex V is furthest (among the
points on φ(M) ∩ t∗+) from the origin implies that V is an extremal value of φT .
Let m ∈ φ−1(V ). Then for each ξ ∈ t, dφξ(m) = 0, hence ξM,m ∈ TmF . 
Now we can prove Theorem 1.
Proof of Theorem 1. Since the action is leafwise nontangent everywhere, Tm(G ·
m) ∩ TmF = 0 for any m ∈M , hence
(3.4) Tm(T ·m) ∩ TmF = 0
for any m ∈ M and any maximal torus T of G. Theorem 6 says that φ(M) ∩ t∗+
is a convex polytope. Let V be a vertex of the polytope furthest from the origin.
By Lemma 3.3, φ−1(V ) consists of T -fixed leaves, i.e., T · m ⊂ F(m) for any
m ∈ φ−1(V ) and for some maximal torus T . Together with (3.4), we conclude that
any m ∈ φ−1(V ) is a fixed point of T . Since φ−1(V ) is connected by Theorem 6, it
is a fixed point set component of T . Then the claim follows from Theorem 1*. 
Next, we go with the steps to prove Theorem 2. First, we compare pi1(M) and
pi1(M/N).
Proposition 3.5. Let (M,ω) be a connected presymplectic G-manifold. Assume
the null subgroup N is closed. From each closed orbit type of the N -action, take an
(any) N -orbit O. Let 〈im
(
pi1(O)
)
〉 be the normal subgroup of pi1(M) generated by
the images of the pi1(O)’s. Then pi1(M)/〈im (pi1(O))〉 ∼= pi1(M/N).
Proof. Since N is connected, pi1(M) → pi1(M/N) is surjective; since for each O,
im (pi1(O)) maps to 1, the map
pi1(M)/〈im (pi1(O))〉 → pi1(M/N)
is well defined and surjective. To prove this map is injective, by Lemma 3.1,
we need to show that each loop in each N -orbit represents a trivial element in
pi1(M)/〈im (pi1(O))〉. Since each N -orbit can be deformed to an N -orbit in a closed
orbit type of the N -action, a loop in an N -orbit is homotopic to a loop in anN -orbit
lying in a closed orbit type of the N -action, hence the claim holds. 
Proposition 3.6. Let (M,ω) be a connected compact presymplectic Hamiltonian
G-manifold with a clean G-action. Assume the null subgroup N is closed. Then
pi1(M/N) ∼= pi1(M/G).
Proof. Let G′ = G/N . Since N is a closed normal subgroup of G, G′ is a connected
compact Lie group. The Lie group G′ acts on M/N with orbit types induced from
those on M . There is an onto map φ¯ : M/N ։ φ(M) induced from the moment
map φ : M → φ(M) of the G-action on M .
Let V be a vertex of the moment polytope φ(M) ∩ t∗+ furthest from the origin,
then φ−1(V ) consists of T -fixed leaves by Lemma 3.3. Let T ′ = T/(T ∩N) be the
corresponding maximal torus of G′. Then φ¯−1(V ) consists of T ′-fixed points. So
the G′-orbits in φ¯−1(G · V ) are simply connected by Proposition 3.2. To prove the
claim of the proposition, first, since G′ is connected, pi1(M/N) → pi1(M/N/G′) =
pi1(M/G) is surjective. To prove injectivity of this map, by Lemma 3.1, we need to
show that for each point y ∈ M/G, if α is any lifted loop of y in M (which lies in
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a G-orbit), and β is the projection of α in M/N (which lies in a G′-orbit), then β
is homotopically trivial in M/N . For this end, we follow the same idea as in the
proof of Theorem 1*. If β is a single point, or it lies in a simply connected G′-orbit
in M/N , then we are done. Otherwise, suppose β is a loop in a G′-orbit O¯ in a
connected component (M/N)(H¯), c of the (H¯)-orbit type (M/N)(H¯) whose orbits
are not simply connected. Then dim(H¯ ∩ T ′) < dim(T ′) by Proposition 3.2. For
H¯, there is a subgroup H ⊂ G such that H¯ = H/N and dim(H ∩ T ) < dim(T ).
There is a G-orbit O and there is a connected componentM(H), c ofM(H) such that
α ⊂ O ⊂ M(H), c. We claim that there is an element ξ ∈ t and ξ /∈ t ∩ h such that
ξM,x /∈ TxF for some point x ∈ O with stabilizer H . If the claim were false, then
T/(T∩H) ⊂ N , and then for all ξ ∈ t, ξM,x ∈ TxF , which implies that the projected
point x¯ ∈ O¯ of x is a fixed point of T ′, contradicting to dim(H¯ ∩ T ′) < dim(T ′).
Having the claim, we have that φξ(Oξ) 6= V , where Oξ ≈ exp(tξ) · x ⊂ O. Suppose
there are no orbit types in the closure of (M/N)(H¯), c with simply connected orbits,
other than possibly those which intersect φ¯−1(G ·V ). We will argue that φ¯−1(G ·V )
is in the closure of (M/N)(H¯), c. We put a G-invariant ω-compatible metric on M .
We use the flow of grad(φξ) = −Jξ¯M or −grad(φξ) = Jξ¯M to flow Oξ towards
φ−1(V ), until Oξ hits a point at which ξ¯M is zero, i.e., ξM is tangent to the leaf
through that point. We do this equivariantly, so that O is deformed to a new G-
orbit O′. This deformation in M induces a deformation in M/N of the G′-orbit O¯
to a new G′-orbit O¯′ which is the projection of O′ in a new orbit type M(H¯′), c so
that dim(H¯ ∩ T ′) < dim(H¯ ′ ∩ T ′). Correspondingly, there is a loop α′ ⊂ O′ such
that [α] = [α′]. Let β′ ⊂ O¯′ be the projected loop of α′ inM/N , then [β] = [β′]. We
repeat the discussion for the loop β′ as we did for β, until we deform β′ to a loop
in a simply connected G′-orbit in an orbit type which intersects φ¯−1(G · V ). 
Theorem 2 follows from Propositions 3.5 and 3.6.
If the manifold M is not compact, instead of Theorem 2, we make the following
statement, whose proof is the same as that of Theorem 2.
Theorem 2*. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Assume the null subgroup N is
closed. Assume there exists a value V ∈ φ(M) ∩ t∗+ such that φ
−1(V ) consists of
T -fixed leaves of the null foliation. From each closed orbit type of the N -action,
take any N -orbit O. Let 〈im
(
pi1(O)
)
〉 be the normal subgroup of pi1(M) generated
by the images of the pi1(O)’s. Then pi1(M)/〈im (pi1(O))〉 ∼= pi1(M/G).
4. contact G-manifolds and proof of Theorem 3
In this section, we prove Theorem 3.
We first have the following basic lemma for contact G-manifolds.
Lemma 4.1. Let (M,α) be a connected contact G-manifold. Then for each ξ ∈ n,
either ξM,m = 0 for all m ∈ M or ξM,m 6= 0 for all m ∈ M . Here, n is the null
ideal, and ξM is the vector field on M generated by ξ.
Proof. If n = 0, the claim is trivial. Now assume n 6= 0, and let ξ ∈ n. Then by
the definition of n, ξM is tangent to the Reeb orbit (the leaf of ker(ω = dα)) at any
point, so φξ is a constant on M (M is connected). While for any point m ∈ M ,
φξ(m) = αm(ξM,m), so either ξM,m = 0 or ξM,m 6= 0 for all m. 
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Next, for contactG-manifolds of Reeb type, we study the relation between pi1(M)
and pi1(M/N), where N is the null group.
Proposition 4.2. Let (M,α) be a connected compact contact G-manifold. Assume
the G-action is of Reeb type. Suppose α is chosen so that there is a circle subgroup
S1 ⊂ G which generates the Reeb orbits of α. Let m be as in Theorem 3. Then
pi1(M/S
1) ∼= pi1(M)/im
(
pi1(S
1/Zm)
)
.
Proof. If S1 acts freely, we may consider the principal S1-bundle M →M/S1, and
the homotopy exact sequence
· · · → pi2(M/S
1)→ pi1(S
1)→ pi1(M)→ pi1(M/S
1)→ 0,
from which we get pi1(M)/im(pi1(S
1)) = pi1(M/S
1).
Now assume the S1-action is locally free. Since S1 is connected, the map
q∗ : pi1(M)→ pi1(M/S
1)
induced by the quotient q : M → M/S1 is surjective. Let O be any Reeb orbit,
then q∗[O] = 0. If the points in O have stabilizer Zk, then O ≈ S1/Zk, which is
also a circle. If we use 1 to represent the generator of Z = pi1(S
1), then 1
k
represents
the generator of pi1(O), we denote
1
k
= [O], so q∗(
1
k
) = 0. Since M is compact, we
have finitely many stabilizer groups Zk’s for the S
1-action (or for the Reeb orbits),
let k0, k1, · · · , kl be the distinct k’s. Then there are integers a0, · · · , al such that∑
ai
1
ki
= 1
m
. By the above, we know that for each ki, i = 0, · · · , l, q∗(
1
ki
) = 0.
We can construct a loop β in M represented by 1
m
as follows. Let MZki be the
Zki -orbit type for the S
1-action, and assume MZk0 is the generic orbit type. Let
Oi be a Reeb orbit in MZki . Choose a point xi ∈ Oi for each i = 0, · · · , l. Let βi
be a path from x0 to xi, for i = 1, · · · , l. Let β be the following loop based at x0:
Oa00 ·β1 ·O
a1
1 ·β
−1
1 ·β2 ·O
a2
2 ·β
−1
2 · · · · ·βl ·O
al
l ·β
−1
l . Then this loop β is represented by∑
ai
1
ki
= 1
m
, hence q∗(
1
m
) = 0. This shows that the generator of pi1(S
1/Zm) is in
ker(q∗), hence so is im
(
pi1(S
1/Zm)
)
. Therefore, we have a surjective homomorphism
pi1(M)/im
(
pi1(S
1/Zm)
)
→ pi1(M/S
1).
To show this homomorphism is injective, by Lemma 3.1, we need to show that each
Reeb orbit represents a trivial element in pi1(M)/im
(
pi1(S
1/Zm)
)
, this is clear. 
Now we can finish the proof of Theorem 3.
Proof of Theorem 3. By Lemma 4.1, the action is either leafwise nontangent ev-
erywhere or is of Reeb type. The first case is dealt by Theorem 1. For the second
case, the claim follows from Propositions 4.2 and 3.6. 
5. the local normal form theorem, the cross section theorem, and a
convergence theorem
For the purpose of proving Theorem 4, in this section, we address three important
theorems for presymplectic Hamiltonian G-actions.
First let us describe the local normal form theorem for a presymplectic Hamil-
tonian G-manifold (M,ω) with a clean G-action and moment map φ. Let x ∈ M ,
H be the stabilizer group of x, and Gφ(x) be the stabilizer group of φ(x) under
the coadjoint action. Let h = Lie(H), gφ(x) = Lie(Gφ(x)), and m = gφ(x)/h. Let
p = n/(n ∩ h), where n is the null ideal, let q = m/p, and q∗ be the dual of q.
THE FUNDAMENTAL GROUPS OF PRESYMPLECTIC HAMILTONIAN G-MANIFOLDS 9
Using these notations, we can describe the local normal form theorem as follows,
the theorem is established in [16, Appendix C].
Theorem 7. (The local normal form) Let (M,ω) be a presymplectic Hamiltonian
G-manifold with a clean G-action and moment map φ. Let x ∈ M , with stabilizer
group H. Then a G-invariant neighborhood of the orbit G · x in M is isomorphic
to
A = G×H (q
∗ × S × V ),
where S is the “symplectic slice” on which H acts symplectically, V is the “null
slice”, which is a linear H-invariant subspace of TxF . The moment map on A
is φA([g, a, s, v]) = Ad(g)
∗
(
φ(x) + a + ψ(s)
)
, where ψ is the moment map for the
H-action on S.
Note that the “null slice” V has no contribution to the moment map image.
In the local normal form theorem for symplectic Hamiltonian G-manifolds, there
is no “null slice” V , and in place of q∗ above, it is m∗, the dual space of the above
m. See [7, 17].
Next, similar to the symplectic Hamiltonian G-action case, we establish the cross
section theorem for presymplectic Hamiltonian G-actions, where G is nonabelian.
Suppose that a Lie group G acts on a manifold M . Given a point m in M with
stabilizer group Gm, a submanifold U ⊂ M containing m is called a slice at m if
U is Gm-invariant, G · U is a neighborhood of m, and the map G×Gm U → G · U ,
with [g, u]→ g · u, is an isomorphism.
For instance, consider the coadjoint action of G on g∗. Let a ∈ t∗+. Let τ be the
open face of t∗+ containing a and let Ga be the stabilizer group of a. Since all the
points on τ have the same stabilizer group, we also use Gτ to denote Ga. Then the
natural slice at a is U = Ga ·
{
b ∈ t∗+ |Gb ⊂ Ga
}
= Ga ·
⋃
τ⊂τ ′ τ
′, and it is an open
subset of g∗τ = g
∗
a.
We have the following cross section theorem. The cross section theorem in the
symplectic case is due to Guillemin and Sternberg [8, Theorem 26.7].
Theorem 8. (The cross section) Let (M,ω) be a connected presymplectic Hamil-
tonian G-manifold with a clean G-action and moment map φ. Let a ∈ im(φ) ∩ t∗+,
let U be the natural slice at a, and Ga be the stabilizer group of a. Then the cross
section R = φ−1(U) is a Ga-invariant presymplectic submanifold of M which has
the same leaves as M . Furthermore, the restriction φ|R is a moment map for the
action of Ga on R.
Proof. We can similarly prove the theorem as in the symplectic case with slightly
more care, we refer to [11, Theorem 3.8] if more detail is preferred. Here we
outline the main points of the proof. First, since the coadjoint orbits intersect U
transversely, and φ is equivariant, hence φ is also transverse to U , so R = φ−1(U)
is a submanifold. Since U is Ga-invariant and φ is equivariant, R is Ga-invariant.
We need to show that for any point x ∈ R, TxR is presymplectic in TxM with
the same corank. Let m be the orthogonal complement of ga in g (with respect to
some metric). Let mM,x =
{
ξM,x | ξ ∈ m
}
, the subspace tangent to the orbit G · x
generated by m. We can check the following two things:
(1) TxR is symplectically perpendicular to mM,x in TxM , and
(2) mM,x is a symplectic vector space of TxM .
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Then due to the fact TxM = TxR⊕mM,x, the theorem follows. (1) can be checked
directly. Now we say some words about the proof of (2). First, since the G-action
is clean, Tx(G · x) ∩ TxF ∼= n. Second, since G · a ⊂ λ + n◦ by Proposition 2.2,
n ⊂ ga, hence n ∩m = ∅. Note that for any ξ, η ∈ g, we have
ωx(ξM,x, ηM,x) = 〈ξ, dφx(ηM,x)〉 = 〈ξ, ad
∗(η) · φ(x)〉 = −〈[ξ, η], φ(x)〉.
These facts together imply that mM,x is symplectic if and only if ad
∗(m)(φ(x)) is
symplectic in Tφ(x)(G·φ(x)). Since Tφ(x)(G·φ(x)) = Tφ(x)(Ga ·φ(x))⊕ad
∗(m)(φ(x)),
and since bothG·φ(x) andGa·φ(x) are coadjoint orbits hence symplectic, ad∗(m)(φ(x))
is symplectic. 
The highest dimensional face τP of t∗+ which intersects φ(M) is called the princi-
pal face. If UP is the slice at τP , then the cross section RP = φ−1(UP ) = φ−1(τP )
is called the principal cross section, on which only the maximal torus of G acts.
In the rest part of this section, we establish a theorem for presymplectic clean
Hamiltonian G-actions with proper moment maps. The theorem claims that an
invariant neighborhood of a critical set of the moment map square equivariantly
deformation retracts to the critical set.
Theorem 9. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold with
a clean G-action and proper moment map φ. Assume 0 ∈ φ(M). Then a small open
G-invariant neighborhood of φ−1(0) equivariantly deformation retracts to φ−1(0).
Proof. The case when ker(ω) = 0, i.e., the symplectic Hamiltonian G-action case,
is proved in [10, 20]. The same idea of proof applies here. The main point is that
‖φ‖2 is a locally real analytic function. For clarity, we outline the main points of
the proof, following those in [10].
(1) Since G is a compact Lie group, it is real analytic. Let x ∈ φ−1(0), and let
H be the stabilizer group of x. By Theorem 7, we have a G-invariant open
neighborhood A of the orbit G · x. Choose a local analytic section of the
bundle G → G/H , we get real analytic coordinates on A, so the moment
map φ and ‖φ‖2 are real analytic on A.
(2) The Lojasiewicz gradient inequality says the following. If f is a real analytic
function on an open set of Rn, then for any critical point x of f , there is a
neighborhood Ux of x, and constants cx and αx with 0 < αx < 1 such that
‖∇f(y)‖ ≥ cx|f(y)− f(x)|
αx for all y ∈ Ux.
Here ‖ · ‖ is the Euclidean norm. We can think that it holds for any
Riemannian metric since any metric is equivalent to the Euclidean metric
on a relatively compact subset of Rn.
(3) Let f = ‖φ‖2. Then φ−1(0) is a connected critical set of f (the connectivity
is by Theorem 6). Since φ−1(0) is compact by the properness of φ, it can
be covered by finitely many open sets as in (1). We take a suitable smaller
open neighborhood U of φ−1(0) contained in the finite open cover of φ−1(0).
Let ψt be the flow of −∇f (for any G-invariant metric). Using (2), we can
show that there are constants c and 0 < α < 1, such that for any x ∈ U
and any t < t′ sufficiently large, we have
c
((
f(ψt(x))
)1−α
−
(
f(ψt′(x))
)1−α)
≥
∫ t′
t
‖∇f(ψt(x))‖dt.
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(4) Using (3), one can show that the limit ψ∞(x) exists and the map ψ∞ : U →
φ−1(0) is continuous.

Corollary 5.1. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Assume a ∈ φ(M). Then a small
open G-invariant neighborhood of φ−1(G · a) equivariantly deformation retracts to
φ−1(G · a).
Proof. Let U be the slice at a, and let R = φ−1(U) be the Ga-invariant cross
section. Since a is a fixed point of Ga, by a shift of φ|R, we may think of a as value
0 of φ|R. By Theorem 8, the G-action on M is clean implies that the Ga-action
on R is clean, i.e., Tx(Ga · x) ∩ TxF = Tx(N · x) for all x ∈ R. By Theorem 9, a
small open Ga-invariant neighborhood of φ
−1(a) in R Ga-equivariantly deformation
retracts to φ−1(a). By equivariance of φ, the claim follows. 
6. proof of Theorem 4
In this section, we prove Theorem 4. The method is similar to that of the proof
of the theorem when ker(ω) = 0, i.e., the symplectic case ([14]). For the current
presymplectic case, we need to take a deeper look at the structure of connected
compact Lie groups and their Lie algebras. We use mainly two operations: re-
moving strata from stratified spaces, and doing local deformation retractions using
Theorem 9 and Corollary 5.1. For the removing process to work, we need to prove
that the links of the removed strata are connected and simply connected.
A stratified space X is a Hausdorff and paracompact topological space defined
recursively as follows: X can be decomposed into a union of (locally finite) pieces,
called strata, such that given any point x in a (connected) stratum S, there exist
an open neighborhood U of x, an open ball B around x in S, a compact stratified
space L, called the link of x, and a homeomorphism B ×
◦
CL→ U that preserves
the decompositions. Here,
◦
CL is a cone over the link L, i.e.,
(
L× [0,∞)
)
/L× {0}.
We also call the link of x the link of S.
We first cite two useful results.
Lemma 6.1. [13] Let X be a connected stratified space. If X0 is a closed stratum
in X with connected and simply connected link, then pi1(X) ∼= pi1(X −X0).
Theorem 10. [1] Let K be a compact Lie group acting on a compact path connected
and simply connected metric space X. Let H be the smallest normal subgroup of
K which contains the identity component of K and all those elements of K which
have fixed points. Then pi1(X/K) ∼= K/H.
Let (M,ω) be a connected presymplectic Hamiltonian G-manifold with a clean
G-action and proper moment map φ. Recall that by Theorem 6, φ(M) ∩ t∗+ is a
closed convex polyhedral set. We call a value a of φ generic if φ−1(G · a) consists
of points with the smallest dimensional stabilizer groups on M . A connected set of
generic values on the principal face of t∗+ is called a chamber of φ(M) ∩ t
∗
+.
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6.1. When G = T is a torus.
In this part, we prove Theorem 4 for G = T , a torus. Due to the existence of
different dimensional stabilizer groups, there are different dimensional faces of the
polyhedral set φ(M). Lower dimensional faces other than the chambers are called
non-generic faces.
Lemma 6.2. Let (M,ω) be a connected presymplectic Hamiltonian T -manifold with
a clean T -action and proper moment map φ. Then for any values a and b in the
same chamber of φ(M), we have pi1(Ma) = pi1(Mb).
Proof. Assume a and b are in the same chamber U . Then φ : φ−1(U) → U is a
proper (equivariant) submersion. By Ehresmann’s lemma, φ−1(a) and φ−1(b) are
(equivariantly) diffeomorphic. So the claim follows. 
Proposition 6.3. Let (M,ω) be a connected presymplectic Hamiltonian T -manifold
with a clean T -action and proper moment map φ. Let F be a non-generic face of
φ(M). Suppose MH is an orbit type such that MH ∩ φ−1(F) 6= ∅. Let U be the
closure of one chamber U such that F ⊂ U . Then the link LH of
(
MH ∩φ
−1(F)
)
/T
in φ−1(U)/T (or in M/T ) is always connected and simply connected.
Proof. By Theorem 7, a neighborhood of an orbit with stabilizer group H is iso-
morphic to
A = T ×H (q
∗ × S × V ).
Split q∗ ∼= Rl × Rm, where Rm is the subspace which is mapped to F, split S =
SH × S′ and V = V H × V ′, where SH and V H are the subspaces fixed by H .
Either of these subspaces can be 0 or the whole space. Then AH ∩ φ−1(F) =
T ×H (Rm × SH × V H), and
(
AH ∩ φ−1(F)
)
/T = Rm × SH × V H . We have
A ∩ φ−1(U) = T ×H
(
Rm × SH × V H × (R+)l × (S′ ∩ ψ−1(U)) × V ′
)
, where R+
denotes the nonnegative half space of R. So
(
A∩φ−1(U)
)
/T =
(
Rm×SH ×V H
)
×(
(R+)l× (S′∩ψ−1(U))×V ′
)
/H . The link of
(
AH ∩φ−1(F)
)
/T in
(
A∩φ−1(U)
)
/T
is
LH = S
(
(R+)l × (S′ ∩ ψ−1(U))× V ′
)
/H,
where S(·) denotes the sphere of the corresponding space. This is the same as the
link of
(
MH ∩ φ−1(F)
)
/T in φ−1(U)/T (or in M/T ). Since by Theorem 7, V ′ has
no contribution to im(φ), and F is not a generic face (i.e., not a chamber), the
space
(R+)l × (S′ ∩ ψ−1(U)) 6= 0.
(1) First assume S′ ∩ ψ−1(U) = S′. (This happens when a neighborhood of F
meets only one chamber or when ψ is trivial on S′.) Then
LH = S
(
(R+)l × S′ × V ′
)
/H.
If (R+)l 6= 0, then S
(
(R+)l × S′ × V ′
)
is always connected and simply
connected no matter what the vector spaces S′ and V ′ are, and H fixes
(R+)l, by Theorem 10, LH is connected and simply connected. Next assume
(R+)l = 0, then S′ needs to be a nontrivial symplectic H-representation
with a nontrivial moment map (in order to have chamber). We must have
dimH > 0. If S′ ∼= C, and V ′ = 0, then LH must be a point, hence is
connected and simply connected. If dim(S′ × V ′) ≥ 3, then S(S′ × V ′)
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is connected and simply connected. By Theorem 10, S(S′ × V ′)/H0 is
connected and simply connected, where H0 is the identity component of
H . Since each element of Γ = H/H0 acts on S′ as an element of a circle, it
must have a nonzero fixed point in S(S′ × V ′)/H0 (in fact in S(S′)/H0),
by Theorem 10 again, S(S′ × V ′)/H0/Γ = LH is connected and simply
connected.
(2) Assume S′ ∩ ψ−1(U) ( S′.
(2a). Suppose (R+)l = 0. Then S′ ∼= Ck, with k ≥ 1, is a nontrivial
symplectic H-representation with nontrivial moment map ψ. With no loss
of generality, we assume the H-action on S′ is effective, so dim(H) ≤ k.
Since the H action is linear and the moment map ψ is homogeneous, to
prove S
((
S′ ∩ ψ−1(U)
)
× V ′
)
/H is connected and simply connected, we
only need to prove
((
Ck×V ′−{0}
)
∩ψ−1(U)
)
/H is connected and simply
connected. Assume
ψ : S′ ∼= Ck −→ h∗
is given by ψ(z1, · · · , zk) =
∑k
i=1 |zi|
2αi, where the αi’s are weight vectors
in h∗. The cone im(ψ) ∩ U may not have rational one dimensional faces,
but it is homotopic to a cone with rational one dimensional faces. So we
may assume that the cone im(ψ)∩U is spanned by the first certain number
of αi’s, and denote the index set of these i’s by J , where |J | ≥ dim(H).
By writing the rest of the αi’s as linear combinitions of the first linearly
independant dim(H) number of αi’s, we may assume that the map
ψ : S′ ∼= Ck −→ U
is given by ψ(z1, · · · , zk) =
∑
i∈J fiαi, where fi is of the form
fi(z) =
k∑
j=1
aij |zj |
2 ≥ 0.
Let Ai =
{
(z, x) ∈ Ck × V ′ | fi(z) > 0, fj(z) ≥ 0 for j 6= i
}
. Then
((
Ck × V ′ − {0}
)
∩ ψ−1(U)
)
/H =
⋃
i∈J
Ai/H.
We may argue that each Ai/H is connected and simply connected (as in
(1), we may argue that Ai/H
0 is connected and simply connected, and
then argue that Ai/H
0/Γ = Ai/H is connected and simply connected),
and (Ai/H)∩ (Aj/H) is connected when i 6= j. Then by the Van-Kampen
theorem, the above union set, hence LH is connected and simply connected.
We leave this as an exercise, or we refer to the proof of [13, Lemma 3.9].
(2b). Suppose (R+)l 6= 0. The moment map
φ : (R+)l × S′ × V ′ −→ U
is given by φ(r, z, x) = r + ψ(z), where r = (r1, · · · , rl) ∈ (R+)l, and the
moment map ψ on S′ is of the form ψ =
∑
i∈J fiαi similar to that in
(2a). For i = 1, · · · , l, let Bi =
{
(r, z, x) ∈ (R+)l × S′ × V ′ | ri > 0, rj ≥
0 for j 6= i, and fj ≥ 0 for all j ∈ J
}
. For i ∈ J , let A′i =
{
(r, z, x) ∈
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(R+)l×S′×V ′ | rj ≥ 0 for all j = 1, · · · , l, fi > 0 and fj ≥ 0 for all j 6= i
}
.
Then
((
(R+)l × S′ × V ′ − {0}
)
∩ φ−1(U)
)
/H =
( l⋃
i=1
Bi/H
)⋃(⋃
i∈J
A′i/H
)
.
Similar to the last case, we can show that this set, hence the link LH is
connected and simply connected.

Lemma 6.4. Let (M,ω) be a connected presymplectic Hamiltonian T -manifold with
a clean T -action and proper moment map φ. Let c be a non-generic value, and a
be a generic value very near c. Then pi1(Mc) = pi1(Ma).
Proof. Let O be a small open neighborhood of c containing a, and U be the chamber
containing a. Let V = O ∩ U , and let V be the closure of V in O. By Theorem 9,
φ−1(O), hence φ−1(V )-equivariantly deformation retracts to φ−1(c), hence
pi1
(
φ−1(V )/T
)
∼= pi1(Mc).
Let B be the set of values in V −V . Using Proposition 6.3 and Lemma 6.1 repeat-
edly, we get
pi1
(
φ−1(V )/T
)
∼= pi1
(
φ−1(V )/T − φ−1(B)/T
)
.
Since φ−1(V )/T − φ−1(B)/T deformation retracts to φ−1(a)/T = Ma, the claim
follows. 
Proposition 6.5. Let (M,ω) be a connected presymplectic Hamiltonian T -manifold
with a clean T -action and proper moment map φ. Then pi1(M/T ) = pi1(Ma) for
some value a.
Proof. Using deforming (Theorem 9 and Corollary 5.1) and removing (Lemma 6.1
and Proposition 6.3) alternately, we can achieve the proof. There can be different
processes and different choices of the values a’s. Follow the same arguments as in
the proof of [13, Theorem 1.6] for G = T . 
Theorem 4 for the case G = T follows from Lemmas 6.2, 6.4, and Proposition 6.5.
6.2. When G is nonabelian.
In this part, we prove Theorem 4 for the case when G is nonabelian. In this
subsection, without specification, G always denotes a connected compact nonabelian
Lie group.
We first prove the following facts about Lie groups which will be important to
us in the sequel.
Proposition 6.6. Let G be a connected compact semisimple nonabelian Lie group.
Let H ⊂ G be a closed subgroup with Lie algebra h, let m = g/h, and we may
view m as a direct summand of g complementary to h. Let a be an ideal of g, let
p = a/a ∩ h, and let q = m/p.
(1) If q = 0, then either a = g or H ⊆ G is nonabelian.
(2) If q 6= 0, then dim(q) ≥ 2, and for the adjoint action of H on q, the smallest
normal subgroup of H containing the identity component of H and those
elements which have nonzero fixed points is H itself. If dim(q) = 2, then
S(q)/H is a point, where S(q) denotes the sphere in q.
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Proof. Since G is semisimple, we can split
g =
k⊕
i=1
si,
where each si is a simple ideal with [si, sj ] = 0 for i 6= j and span[si, si] = si (see
[19, Theorem 5.18]). Since a is an ideal, it is a direct sum of some factors of g, with
no loss of generality, we assume
a =
l⊕
i=1
si with l ≤ k.
Since H ⊂ G is a closed subgroup,
h =
k⊕
i=1
hi,
where hi ⊆ si is a subalgebra for each i. Then a∩h =
⊕l
i=1 hi, so p =
⊕l
i=1(si/hi).
We have m =
⊕k
i=1(si/hi). So
q = m/p =
k⊕
i=l+1
(si/hi).
(1) Assume q = 0. Then either m = 0 which means H = G hence H is
nonabelian, or l = k which means a = g, or l < k and si = hi for all
l + 1 ≤ i ≤ k, which implies that H is nonabelian (since si is nonabelian).
(2) Assume q 6= 0. Then l < k, and there is at least one i with l + 1 ≤ i ≤ k
so that hi ( si. For each i with hi ( si, since si is nonabelian and hi is a
subalgebra, dim(si/hi) ≥ 2, so dim(q) ≥ 2.
Let Si = exp si. Then G ∼= (S1 × · · · × Sk)/F , where F is a finite
central subgroup of G ([19, Theorem 5.22]). So up to finitely many central
elements, H = H1 × · · · ×Hk with Hi ⊂ Si a subgroup for 1 ≤ i ≤ k. Let
H0 = H01 × · · · ×H
0
k be the identity component of H . There are finitely
many elements g’s of the form g = (g1, · · · , gk) ∈ H/H0, where for each j,
gj is either 1 or gj /∈ H0j . Now consider a fixed i above with l + 1 ≤ i ≤ k
and hi ( si. If gi = 1, then Ad(gi)X = X for all X ∈ si/hi, hence
Ad(g)X = Ad(g1 · · · gk)X = Ad(g1) · · ·Ad(gk)X = X since Ad(gj)X = X
for j 6= i (due to the fact [si, sj ] = 0 when i 6= j). If gi /∈ H0i , then gi is in a
maximal torus Ti of Si but not in a maximal torus of Hi, and Ad(gi)Y = Y
for all 0 6= Y ∈ ti = Lie(Ti). So Ad(gi)Y ′ = Y ′, where Y ′ 6= 0 is the
component of Y in si/hi, then similar to the above, Ad(g)Y
′ = Y ′. We
have shown that any g ∈ H/H0 has a nonzero fixed point in q. So the
smallest normal subgroup of H containing the identity component of H
and all those elements which have nonzero fixed points is H itself.
Now assume dim(q) = 2. Then there is exactly one i with l + 1 ≤
i ≤ k such that hi ( si, and q = si/hi. If we consider the real root
space decomposition of respectively hi and si, we can see that the Cartan
subalgebra of hi and of si must be the same, and the space q can be identified
with a 2-dimensional (nonzero) root space of si. Let X and Y be the two
eigenvectors in this 2-dimensional root space. Then there is a nonzero
element Z in the Cartan subalgebra of si so that X , Y , and Z generate a
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Lie algebra isomorphic to that of SU(2) (or SO(3)). The one parameter
subgroup of H generated by Z acts on S(q) transitively, hence S(q)/H is
a point.

Now we proceed with the steps of the proof of Theorem 4.
Proposition 6.7. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Let C be the central face of t∗+,
and assume that C∩ im(φ) 6= ∅ and that C is not the only face of t∗+ which intersects
im(φ). For each orbit type M(H) such that M(H) ∩ φ
−1(C) 6= ∅, let LH be the link
of
(
M(H) ∩ φ
−1(C)
)
/G in M/G. Then LH is connected and simply connected.
Proof. We write G = (G1 × Tc)/A, where G1 is a connected compact semisimple
Lie group, Tc is a connected (central) torus, and A is a finite central subgroup ([19,
Theorem 5.22]). Let g1 and tc be respectively the Lie algebras of G1 and Tc, g
∗
1
and t∗c be their dual Lie algebras.
By Theorem 7, a neighborhood of a G-orbit in φ−1(C) with stabilizer group (H)
is isomorphic to
A = G×H (q
∗ × S × V ),
where q∗, S and V are as explained in the theorem. Up to a finite central subgroup,
H = H1×T1, where H1 ⊂ G1 and T1 ⊂ Tc are closed subgroups (since H is closed).
Let h, h1 and t1 be respectively the Lie algebras of H , H1 and T1. Under the
splitting of G above, let the null ideal n = n1 ⊕ n2, where n1 ⊆ g1 and n2 ⊆ tc
are ideals. Then p = n/n ∩ h =
(
n1/(n1 ∩ h1)
)
⊕
(
n2/(n2 ∩ t1)
)
= p1 ⊕ p2. The
stabilizer of each point on C is G, so m = (g1/h1) ⊕ (tc/t1) = m1 ⊕ m2. Then
q = m/p = (m1/p1)⊕ (m2/p2) = q1 ⊕ q2. So we can write
A = G×H
(
(q∗1 × q
∗
2)× S × V
)
.
By the moment map description on A, we have A(H) ∩ φ
−1(C) = G×H
(
q∗2 × S
H ×
V H
)
, where SH and V H are respectively the subspaces of S and V fixed by H . So(
A(H) ∩φ
−1(C)
)
/G = q∗2× S
H ×V H . While A/G =
(
q∗2×S
H ×V H
)
×
(
(q∗1 ×S
′×
V ′)/H
)
, where S′ and V ′ are respectively the complementary subspaces of SH in
S and V H in V . The link of
(
A(H) ∩ φ
−1(C)
)
/G in A/G is
LH = S(q
∗
1 × S
′ × V ′)/H.
Here, S(·) denotes the sphere in the corresponding space. This is the same as
the link of
(
M(H) ∩ φ
−1(C)
)
/G in M/G. By assumption, im(φ) intersects at least
another higher dimensional face of t∗+. Let a ∈ im(φ) be on this higher dimensional
face, then Ga ∩ G1 ( G1. Since the coadjoint orbit G · a lies on the affine space
spanned by n◦ (by Proposition 2.2), we have n ⊆ ga =Lie(Ga), hence n1 ( g1.
Then by Proposition 6.6 applied for the semisimple G1, we have 2 possibilities:
(1) q∗1 = 0 and H is nonabelian, and (2) dim(q
∗
1) ≥ 2 and we have the claims
in (2) of the proposition. First assume we are in case (1). Then S′ must be a
nontrivial symplectic H-representation with a nontrivial moment map, hence is
of dimension at least 4. So S(S′ × V ′) is connected and simply connected. By
Theorem 10, S(S′ × V ′)/H0 is connected and simply connected, where H0 is the
identity component of H . Since each element in Γ = H/H0 acts on S′ ∼= C×· · ·×C
as an element of a circle, each element in Γ has a fixed point in S(S′)/H0. By
Theorem 10 again,
(
S(S′ × V ′)/H0
)
/Γ = S(S′ × V ′)/H = LH is connected and
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simply connected. Now assume we are in case (2). If dim(q∗1 × S
′ × V ′) > 2, then
S(q∗1×S
′×V ′) is connected and simply connected. Note that the central component
T1 of H fixes q
∗
1. By Proposition 6.6 (2) and Theorem 10, LH is connected and
simply connected. If dim(q∗1×S
′×V ′) = 2, i.e., S′ = V ′ = 0 and dim(q∗1) = 2, then
by Proposition 6.6 (2), LH is a point hence is connected and simply connected. 
Lemma 6.8. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Let c ∈ τ ∩φ(M), where τ 6= τP
is a face of t∗+, τ
P being the principal face, and let a be a generic value on τP very
near c. Let O be a small open invariant neighborhood of c in g∗ containing a. Let
B be the set of values in O ∩ t∗+ other than those on the chamber of generic values
containing a on τP . Then
pi1
(
φ−1(O)/G
)
∼= pi1
(
φ−1(O)/G − φ−1(G · B)/G
)
.
Proof. Consider the cross section Rτ = φ−1(U τ ) on which Gτ acts, where U
τ is
the slice at τ (Theorem 8). Note that τ lies on the central dual Lie algebra of Gτ .
By Theorem 8, the Gτ -action on R
τ is clean. Then Proposition 6.7 applied for
the Gτ action on R
τ , claims that the link of a stratum of φ−1(τ)/Gτ in R
τ/Gτ is
connected and simply connected. By equivariance, this link is the same as the link
of a corresponding stratum of φ−1(G · τ)/G in φ−1(O)/G (or in M/G). Then using
Lemma 6.1 inductively for the strata in φ−1(G · τ)/G, we obtain
pi1
(
φ−1(O)/G
)
∼= pi1
(
φ−1(O)/G− φ−1(G · τ)/G
)
.
For the other non-principal faces τ ′’s, we similarly inductively remove the φ−1(G ·
τ ′)/G’s from φ−1(O)/G. For the remaining values on O ∩ τP , if there are non-
generic faces on O ∩ τP for the maximal torus action, then we use Proposition 6.3
and equivariance to do the removing, and deforming may also be needed. In the
end, we arrive at the claim of the lemma. If more detail is preferred, one may refer
to the proof of Lemma 6.18 in [13]. 
Lemma 6.9. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Let c ∈ τ ∩φ(M), where τ 6= τP
is a face of t∗+, τ
P being the principal face, and let a be a generic value on τP very
near c. Then pi1(Mc) ∼= pi1(Ma).
Proof. By Corollary 5.1, there exists an open neighborhood O of c in g∗ containing
a so that φ−1(O) equivariantly deformation retracts to φ−1(G · c). Hence
pi1
(
φ−1(O)/G
)
∼= pi1(Mc).
By Lemma 6.8 and the fact that φ−1(O)/G − φ−1(G · B)/G deformation retracts
to Ma, we have
pi1
(
φ−1(O)/G
)
∼= pi1(Ma).

Lemma 6.10. Let (M,ω) be a connected presymplectic Hamiltonian G-manifold
with a clean G-action and proper moment map φ. Let τP ⊂ t∗+ ∩ φ(M) be the
principal face. Then pi1
(
φ−1(G · τP )/G
)
∼= pi1(Ma) for all a ∈ τP .
Proof. On φ−1(τP ), only the maximal torus T of G acts, the semisimple subgroup
of G acts trivially. By Theorem 8, the T -action on φ−1(τP ) is clean. Moreover, the
T -moment map φT : φ
−1(τP )→ τP is proper onto its image (this is sufficient). By
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Theorem 4 for T -actions, we obtain pi1
(
φ−1(τP )/T
)
∼= pi1
(
φ−1(a)/T
)
for all a ∈ τP .
By the equivariance of φ, this is the same claim as the claim of the lemma. 
Now we can finish the proof of Theorem 4:
Proof of Theorem 4 for nonabelian G. Similar to the proof of Lemma 6.8, by going
to the cross sections, using Proposition 6.7 in the cross sections, and by equivariance
of the action and of the moment map, we can inductively remove φ−1(G · τ)/G’s
from M/G for all the nonprincipal faces τ ’s of t∗+ (note that the links are local).
Now assume we have achieved that
pi1(M/G) ∼= pi1
(
M/G−
⋃
τ 6=τP
φ−1(G · τ)/G
)
∼= pi1
(
φ−1(G · τP )/G
)
.
Then the theorem follows from Lemmas 6.9 and 6.10. 
7. counter examples and an application
First we look at some counter examples to Theorem 4.
Example 7.1. Let M = S1 × T 2, and α = cos t dθ1 + sin t dθ2, where t is the
coordinate on the first factor and (θ1, θ2) are the coordinates on the second factor.
Then (M,α) is a contact manifold, and (M,dα) is presymplectic. The Reeb vector
field is R = cos t ∂
∂θ1
+ sin t ∂
∂θ2
. The null foliation on M is given by the orbits of
the flow of R.
Let T 2 act on M by acting freely on the second factor and acting trivially on
the first factor. This T 2-action is not clean. To see this, we look at the moment
map image. The moment map for the T 2-action is φ(t, θ1, θ2) = (cos t, sin t), im(φ)
is a circle, not a convex polytope. For any a ∈ im(φ), Ma = (pt× T 2)/T 2 = pt, so
pi1(Ma) = pi1(Mb) = 0 for any a, b ∈ im(φ). But M/T 2 = S1, so pi1(M/T 2) = Z.
Example 7.2. Consider the contact manifold in Example 7.1. Let S1 ⊂ T 2 act
on M by acting freely on the first coordinate of T 2. The moment map of this
S1-action is φ(t, θ1, θ2) = cos t, so im(φ) = [−1, 1]. This action is not clean by
Proposition 7.3 below, or by the fact below that the fibers of the moment map is
not always connected, contradicting to Theorem 6.
We see that
M/S1 = S1 × S1,
φ−1(0) = 2 points× T 2, so M0 ≈ 2 points× S
1, and
φ−1(1) = 1 point× T 2, so M1 ≈ S
1.
Proposition 7.3. Let S1 act cleanly on a connected compact contact manifold
(M,α). Then S1 either acts trivially or acts leafwise transitively everywhere. The
moment map achieves a constant value, is zero in the former case and is nonzero
in the latter case.
Proof. Let φ = α(ξM ) be the moment map, where ξM is the vector field generated
by the S1-action. Since the action is clean, by Theorem 6, φ(M) is a closed interval,
with minimal and maximal values the values of S1-invariant leaves, i.e., S1-invariant
Reeb orbits.
The null ideal is either 0 or R. If the null ideal is 0, then the action is everywhere
nontangent. Then the S1-invariant leaves consists of fixed points. So the minimal
and maximal values of φ are αm(ξM,m) = 0, where m is a fixed point. Hence
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φ(M) = 0. Then each leaf is an S1-invariant leaf, hence each point is a fixed point.
Now suppose the null ideal is R. Then by Lemma 4.1, ξM,m = 0 or ξM,m 6= 0 for all
m ∈ M . In the first case, each point is fixed by S1, then φ(M) = 0; in the second
case, φ is a constant by definition of the null ideal, it is nonzero since ξM,m 6= 0 at
all m ∈M . 
As an application of Theorems 3 and 4, we have the following claim in Proposi-
tion 7.4.
Recall that a contact toric manifold is a contact manifold of dimension 2n+ 1
with an effective T n+1-action.
Proposition 7.4. Let (M,α) be a connected compact contact toric manifold of
dimension 2n + 1. Assume the T n+1-action is of Reeb type, and assume α is so
chosen that its Reeb orbits are generated by a circle subgroup S1 ⊂ T n+1. Then no
subtorus of T n+1 complementary to S1 acts cleanly on M .
Proof. Let φ be the moment map for the T n+1-action. By Lemma 4.1 and the fact
that T n+1 acts effectively, we know that the null ideal is exactly R. So φ(M) is
a convex polytope of dimension n by Theorem 6 (see also [4]). Another thing we
know is that pi1(M) = Z/kZ for some k ≥ 1 by [15].
Let T n be a subtorus of T n+1 complementary to S1. By Lemma 4.1 and the fact
above that the null ideal of the T n+1-action is 1-dimensional, we know that the null
ideal of the T n action is 0. Assume the T n action is clean, then by Theorem 5, the
T n action is leafwise nontangent everywhere. Then by Theorem 3,
(7.5) pi1(M) ∼= pi1(M/T
n).
For any vertex V on φ(M), φ−1(V ) consists of a T n+1-invariant closed Reeb orbit
O ≈ S1. Since the T n-action is leafwise nontangent, O is pointwise fixed by T n, so
O/T n = O. The moment map image of the T n-action is the orthogonal projection
of φ(M) to the dual Lie algebra of T n. Choose a vertex V on φ(M) so that it
projects to a vertex for the moment polytope of the T n-action. The presymplectic
quotient space for the T n-action at V is O (see Definition 1.1), by Theorem 4,
(7.6) pi1(M/T
n) ∼= pi1(O) = Z.
Then (7.5) and (7.6) together contradict to the fact about pi1(M) in the first para-
graph. 
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